The Kawai-Lewellen-Tye (KLT) relations derived from string theory tell us that perturbative gravity amplitudes are the "square" of the corresponding amplitudes in gauge theory. Starting from the light-cone Lagrangian for pure gravity we make these relations manifest off-shell, for three-and four-graviton vertices, at the level of the action.
Introduction
The Kawai-Lewellen-Tye (KLT) relations relate tree-level amplitudes in closed and open string theories [1] . In the field theory limit the KLT relations, for three-and four-point amplitudes, reduce to where the M n represent gravity amplitudes and the A n are color-ordered [3, 4] amplitudes in pure Yang-Mills theory (s ij ≡ −(p i + p j ) 2 ). Although the KLT relations apply only at the tree-level they have been used, with great success, in conjunction with unitarity based methods to derive loop amplitudes in gravity [2, 5] . In particular, these relations have proven invaluable in studying the ultra-violet properties of N = 8 supergravity [6] . The question of whether the KLT relations are valid only for on-shell amplitudes or, more generally, at the level of the Lagrangian remains open [7] . This is the issue we focus on in this letter. The tree-level amplitudes take a very compact form in a helicity basis. Thus when attempting to derive the KLT relations starting from the gravity Lagrangian it seems natural to work in light-cone gauge where only the helicity states propagate. Tree-level amplitudes in which precisely two external legs carry negative helicity are called maximally helicity violating (MHV) amplitudes. A very simple expression for all the MHV amplitudes in Yang-Mills theory was given in [8] . An MHV-Lagrangian (also referred to as the CSW Lagrangian) where the fundamental vertices are off-shell versions of the MHV amplitudes was proposed in [9] . In [10] and [11] it was shown how this MHV-Lagrangian can be derived from the usual light-cone Yang-Mills Lagrangian by a suitable field redefinition.
In this letter we perform a field redefinition, similar to that in [10, 11] , on the light-cone gravity Lagrangian. Although the shifted Lagrangian is not simply the sum of MHVvertices, the off-shell KLT relations, to the order examined in this letter, are manifest.
Yang-Mills
We start by sketching schematically, the proposal of [10, 11] for Yang-Mills. The light-cone Yang-Mills Lagrangian is of the form
where the indices, in no particular order, refer to helicity. The field redefinition maps the first two terms (the kinetic and one cubic term) into a purely kinetic term. This transformation also generates an infinite series of higher order terms producing exactly the MHV-Lagrangian
Again, this is merely a formal way of writing the Lagrangian. For example, L ++−− receives contributions from the two inequivalent orderings tr(AĀAĀ) and tr(AAĀĀ) where A and Ā are gluons of helicity 2 +1 and −1 respectively. Each trace is multiplied by an off-shell continuation (cf. appendix A) of the appropriate Parke-Taylor amplitude [4, 8] 
We will not go into details regarding the derivation of these results which can be found in [10] [11] [12] [13] . The analysis in the gravity case is completely analogous and is presented in detail in section 3. The hope is that a similar field redefinition in pure gravity will generate interaction terms which make KLT factorization manifest. The purpose of this letter is to examine this issue.
Gravity in light-cone gauge
We follow closely, in this section, the light-cone formulation of gravity in [14] . Here, we only review the key features of this formulation and refer the reader to appendix C in [14] for a detailed derivation of the results presented below. The Einstein-Hilbert action reads
where g = det g µν and R is the curvature scalar. Light-cone gauge is chosen by setting
Our conventions and notation are explained in appendix A. The metric is parameterized as follows
The field ψ is real while γ ij is a 2 × 2 real, symmetric, unimodular matrix. The R −i = 0 constraint allows us to eliminate g −i . From the R −− = 0 constraint we find
The Lagrangian density now reads
We expand this to find [15] 
where
This is the closed form of the Lagrangian.
The perturbative expansion
In order to obtain a perturbative expansion of the metric we choose
where h andh represent gravitons of helicity +2 and −2 respectively. The light-cone Lagrangian density for pure gravity, to order κ 2 [14] , reads 3
As in (2.1) the three-vertex terms are of the form (−, +, +) and (+, −, −). In analogy to Yang-Mills, a solution to the self-duality condition
where the second relation is theh equation of motion (ath = 0). Thus, as in Yang-Mills, we will map the first two terms in (3.9) to a free theory. Further discussions regarding this point may be found in [12] .
The field redefinition
We seek a transformation (h,h) → (C,C) such that 4
The remaining three-and four-point vertices in (3.9) all involve exactly two negative helicity gravitons. Since MHV amplitudes also involve exactly two negative helicity legs, we aim to preserve this structure 5 . In analogy with Yang-Mills, we choose h to be a function of C alone whileh is chosen to be a function of both C andC. This field redefinition is not unique and we will comment on this below. To find the explicit transformation, which is in fact a canonical transformation on the phase space with coordinates (C, π C ), we start with a generating function of the form
Since π h = ∂ −h we have 15) where the integral is performed on a surface of constant x + . The Lagrangian density then reads (here and below we drop surface terms)
Using (3.15) the Lagrangian becomes
We want this to be equal to
implying that 19) 4 Note that the d'Alembertian is = 2(∂∂ − ∂+∂−). See appendix A for further details. 5 We point out that higher order terms in (3.6) do not possess this structure.
In momentum space, this becomes
For h, we choose the ansatz
From (3.15) we also find
which can be rewritten as
It is straightforward to work out a recursion relation for the coefficients Z (n) which can then be solved to any desired order. We will not present the details here.
The shifted gravity action
After performing the field redefinition described in the previous section we find that the gravity action, to order κ 2 , is
k l k p k q l p l q p q 2 C(p)C(q)C(k)C(l) δ We stress that the coefficients in the action above are off-shell. Note that the four-graviton
If the Jacobian of the field redefinition is not unity it will lead to additional interaction terms [16] . Even if the Jacobian is classically one there may be anomalies which lead to additional interaction terms as proposed in the context of the MHV Lagrangian for YangMills in [10] ; see also the discussion in [12, 13] . An interesting question is whether the Lagrangians of N = 8 supergravity and N = 4 superYang-Mills share a similar relationship. Since there exist superfield formulations, in light-cone gauge, for both these theories [19] a similar analysis is certainly worth performing.
